. Chuong 6
GIAI GAN PUNG PHUGNG TRINH
VI PHAN THUONG

6.1. MG PAU
Nhiéu bai todn k§ thuit qui vé€ viéc tim nghiém cda phuong trinh vi phin tho
man diéu kién ndo dé (diéu kién dau , diéu kién bién ... ) néi chung gidi ding 12
khé nén thudng gidi gin diing.
C6 2 phuong phdp gidi gin ding :
- phuong phdp gidi tich : Tim nghiém gin diing dang bi€u thic tuy nhién
phuong phdp nay thuong it dung hon
- Phuong phép s6 : Ta tim nghiém tai cdc diém x,<x,..<x, < X tic 12 ding
nghiém & gid tri trudc d€ tinh gia tri sau : yx =0(Yi-1,-Yiy )
C6 thé c6 phuong phip 1 budc va phudng phap da budc : phuong phéap 1 buse
tinh yx qua yy.; .phudng phap da budc tinh thong qua yy_;...yk.y
Trong pham vi chuong nay ta xét 2 loai bai toan :
1 — Bai todn gi4 tri ban dau con goi 12 bai todn Cosi :
Tim y(x) thod man 2 diu kién : +y’=f(x,y) X< X <X
+y(Xo) = Yo
2 — Bai todn bién tuyén tinh : +Bién 2 di€ma , b
y+p(x)y+a(x)y = f(x)
a,y(@)+ Ay'(a) =7
a,y(0) + B,y'(b) = 7,

6.2. PHUGNG PHAP GIAI TICH (PHUONG PHAP CHUOI NGUYEN )
Xét bai todn Cosi :
Yy’ =f(X,y) ; Xg<X< X (7-1)
y(Xo) = Yo (7-2)
Trong d6 ham f(x,y) giai tich trong 1an cin (xo,yo) tdc 1a :
fx,y) =Y,  aij(x-x0)'(y-yo)

i,j=0

Khi d6 nghiém diing y*™ c¢6 thé khai trién thanh chudi Taylo
n oyt :
SOEDR LIS

i=0

Cdc dao ham y*(x,) c¢6 thé tinh dudc dwa vao (7-1) va (7-2)
Y(Xo) = Yo
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Yy’ (x) = f(X,y) = ¥y’ (Xo) =f(X0,¥0)

” _of of
y (Xo) _& (Xo’yo) + 5 (Xano)-f(Xano)

Va ctt ti€p tuc nhv vay .Khi tinh nhu vay ta sé tim dudc chudi Taylo va dé
chinh la nghiém cia phuong trinh vi phin .

Vidu:
{y'= X.y
y(0)=1

Taco : y(0)=1
y'(0)=0-1=-1

y7’ = l_y’ : y”(o) :2
yr=-y = y0)=2

Tirddy tasuyra ; y*©(0) = (-1)*.2 vdi k>2 Do d6 :
¢ © (—l)k Xk 0 (_X)k
y(x):l-x+2z =1'X+2(Z —|-1+x)
k=2 k=0

k!
=2e" +x-1.
Pay 1a nghiém dang chudi ding.
Vidu?2:

_y
y+X
y@) =2
y(1) =2
‘(=2 -2
yh=r>=3
_[Lj _ (XEy)Y-y(x+y) _ xy-y
y = - 2 - 2
X+ Yy (X+Y) (X+y)

12-2

9 3 _4
1 = = —
y () (1+2)* 27

Tiép tuc ta tinh cdc cdc dao ham bac cao :

y (1) :2;47 . VV.

Ta c6 két qua :



y(x) = 2+—(x 1)-—( -1)° + (X 1)+ (x3) + ..

6.3. PHUGNG PHAP SO

6.3.1. Phuong phap cap 1 — Phuong phap Ole.
Ta chia doan (Xo, X ) thanh n doan nhé bing nhau bdi cic diém chia x;, bude céc
diém chia 1a h, h>0
b X
n
X, =X, +i.h;i1=0,1,..,n

Néu y(x) 12 nghiém diing cda phuong trinh (7.1),(7.2) ta tim cdch tinh gin ding
gid tri y(x) chi tai cdc nit x; ma thoi, roi tir d6 cho phép ta diing cdc gid tri gan
ding dé. Goi u; 12 gid tri gan ding cda y(x;) 1a gia tri’ cAn tim.
N&u di biét u; tai x; ta tinh u;, tai nit x;,,. Ta khai trién Taylo ham y(x) tai x; :
y () =y0) + ¥ (-0 + L ey
Ci=xi+9(x—xi);0<6<1
Thay: x = X1 = x; + h 5 y’(x) = f(x3,y(x;)) theo (7.1)

Ta co:
2

Y (%i41) = y(x) + hf(xy(x) + %yn@ (7.3)

Khi h bé thi s& hang cudi bé ta bd qua khi do6 ta thay gid tri y(x;) ~ u; da c6 thi ta
tinh dudc uyy; = y(x;41) 1a:

Uiy = u; +h.f(x;,u;) (7.4)
Dua vao diéu kién (7.2) ta chon ug =y, (7.5) v611=0
Ta dung (7.4) tinh dugc u, va tir d6 ta tinh dudc cac gid tri khdc. Phuong phap
tinh u; trén goi 1a phuong phap Ole.
T6m lai phuong phap Ole: u;,; = u; +h(f(x;,u;)).

X, = Xo +n.h

Sai s cuc bd clia phudng phép:

Ri(h) =
Phuong phédp nay c6 do chinh x4c thap.

Vi du: y’:y—% ; 0<<1
y

y'(c;) h?
2

y(0) =1.
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Tacc’):f(x,y)=y-% ; xo=0; x =1 ;Yo =1
y

| —

Lu6i sai phan: x; =i.h; h =

I

Cong thitc Gle cho bai todn 1a:

Ui =u; + ho(u; - ﬁ)
u.

up=yo=1
Néu ta chia n =10 thi k&t qua tinh nhu bdng sau:
(Trong bang c6 cho gid tri ddng y; viy = ¥2x+1)

i X; U yi(nghiém Sai sd &
ding)

0 0.0 1 1

1 0.1 1.1 1.095445

2 0.2 1.191818 1.183216

3 0.3 1.277438 1.264911

4 04 1.358213 1.341641 Max 5%

5 0.5 1.435133 1.414214

6 0.6 1.508966 1.483240

7 0.7 1.580338 1.549193

8 0.8 1.649783 1.612452

9 0.9 1.717779 1.673320

10 1.0 1.784771 1.732051 0.04 = 4%

6.4.CAC PHUONG PHAP PA BUGC
Xét bai todn cOsi :
y’=f(x,y) Xo < X < X
y(Xo) = Yo (y.fe R™)
Tich phan 2 v€ tir x, dé€n x,,; dudc:

Xp+1
y” =ya+ [y'(X)dx
X, —X

bit ”I =t,co :

1
Yot =Ya +h [y (x, +th)dt (*)
0
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Ap dung da thitc ndi suy Niuton lui cho y’,, =y’ (x,+t.h) ta co:

, , t s t(t+1 , tt+1D...t+q-1 s
Ynu=Ynty AYni +%A2y o 1A o(|! 1D py nq
Ap dung tinh chit sai phan va ky hiéu sai phan Iui ta c6 :
vy,n=vy,n—l = y,l - y,n—l
y,n+t=y’n +£ vy’n +t(t +1) v2yan + . +t(t+l)(t + q _1) Vq an (**)
1 2! q!
(ka,n =V y,n-k)
Xu&t phét tf X,,; (thayn=n+1vat=t-1)tacé:
s . t-1 , t—1t .
Yotrt=Y ne1 t 11 Vyn+1+( 2|) szn+1+...+
tt-1..t+g-2 s
(-D..(+9-2) o,
q!
Thay (**) vao (*) ta c6 cong thuc :
q .
Yn+l = Yn +hzai vly’n (***)
i=0
1 .
Trong d6 a, =1 ; a;= I (t+1)..(t+i-1) dt ; v=1,2,..q.

5 i!
Tinh cdc hé sd ta c6 :
Vit =Yn + h[1+%V + gvz +§V3 + %V4 +.1y
Néu g =0 ta c6 lai cong thitc Euler :
Yner=Yn t h f(Xn;yn) :
T cong thife (¥*%*) ta tinh dudc cdc gid tri ti€p theo cla y tai nit .
Sai s8 clia cong thifc 1a :
R, = liq”j MDA yasigge
5 (q+1)!
Hay : Ry = h™?y“*?)(¢)
-Phuong phdp tiém can sai s6 : Khi (x,y) kha vi, lién tuc va y(x) c¢6 dao ham
dé&n cap 3 bi chin thi ton tai ham w(x) lién tuc khong phu thudc vao budc h sao
cho :

u; — y(x;) = h.w(x;) +o(h%) (*)
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Gi4 sif v6i cling bai todn ta tinh theo ole 2 1an: Lan 1 v6i buSe h ta duge gia tri

gan ding tai x; 12 u(xi,{g 1), 1an 2 véi budc 2 ta dugc gi4 tri gan ding tai x; 12

u(xi,{g }) theo (*) ta c6 :
u(xi,{h}) - y(x) = h w(x)) + o(h?) (*%)
({5 1) = y(x) = . wix) + o(h) (%)
Ta khit w(x;) khdi 2 ddng thic trén ta c6 :
206k, 2) - uGx)] - y(x) = o(h?)
Vi o(h®) rit bé , 12 sai s6 ctia phép xdc dinh ta c6 :
() = 2u(x; ) - ux,h) (%)
Ta c6 nghi€ém chinh xdc hon

Va nhu vay c6 phuong phap 2 budc ( Euler )

Vi du : cling gidi bai todn y’ :y—2 ; v 0 <x <1
y

y(0) =1
Ta c6 bang két qua :

X; U (x3,1) U (x., ﬂ) Y, (h) Nghiém ding
2 y(xi)

0 1 1 1 1

0.2 1.2 1.191818 1.183636 1.183216
0.4 1.373333 1.358213 1.343093 1.341641

0.6 1.531495 1.508966 1.486437 1.483240

0.8 1.681084 1.649783 1.618482 1.622452

1.0 1.826947 1.784771 1.742595 1.732051
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